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1.  The Stress Tensor 
We imagine the force per unit area t be equilibrated by normal and tangential forces 
per unit acting on the surfaces of an infinitesimal element (Fig. 1): 
 
 
Figure 1: Stresses at an infinitesimal element 
 
 
Force equilibrium yields 
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From moment equilibrium about the centre of the side ds it follows the symmetry of 
the stress tensor; thus 
  ∑ −== ,2dxdxσ2dxdxσ0M 21121221  (1.5) 
and consequently 
  .σσ 2112 =  (1.6) 
 
Next we derive the transformation properties of the stress tensor. 
 3 
 
Figure 2: Coordinate transformation 
 
The representation of the normal vector n in the transformed system reads 
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Analogously we have 
  .Ttt =′  (1.9) 
The expected relationship reads 
  .tn ′=′′σ  (1.10) 
Inserting (1.7) and (1.8) gives 
  TtTn =′σ  (1.11) 
We note that TT=T-1 and obtain 
  .σσ TTT=′  (1.12) 
Using (1.7)2 and (1.12), the transformed stress components are obtained as 
  ( ) ( ) ,sin2σcos2σσσσσ 1222112122112111 ϕϕ +−++=′  (1.13) 
  ( ) ( ) ,sin2σcos2σσσσσ 1222112122112122 ϕϕ −−−+=′  (1.14) 
  ( ) .cos2σsin2σσσ 1222112112 ϕϕ +−−=′  (1.15) 
If ( )21 x,x ′′  are equal to the principal stress axes, then 012 =′σ .  The orientation of the 
principal axes relative to ( )21 x,x  is obtained from 
  ( ) ;0cos2σsin2σσσ 1222112112 =+−−=′ ϕϕ  (1.16) 
Thus 
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Insertion of (1.17) into (1.13) and (1.14) gives the principal stresses as 
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The principal stresses and the corresponding axes may be evaluated by means of the 
so called Mohr Stress circles: 
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Construction: 
 
Figure 3: Mohr Circle Construction 
 
 
Figure 4: Normal and shear stress on an arbitrary surface 
 
The following quantities, the so called stress invariants do not change their value 
upon coordinate transformation: 
  ( ) ( ) ( )2121221121221121 σσσσσσp +−=+−=′+′−=  (1.19) 
and 
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where we have assumed that .σσ 21 ≥  
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The invariants p and t may be interpreted as follows:  Consider an innter surface of a 
solid, a crack for instance.  Let τˆandσˆ  be the normal and shear stress acting on this 
surface.  We may write (see 1.13): 
  ( ) ( ) .sin2σcos2σσσσσˆ 122211221121 ϕϕ +−++=  (1.21) 
Then, if solid contains arbitrary inner surfaces oriented between 0 and 2p, the 
average normal stress is obtained as: 
  ( )∫ −=+== 2π
0
22112
1
2
1 pσσdσˆσ ϕπ  (1.22) 
Analogously, for τˆ  we have 
  ( ) ϕϕ cos2σsin2σστˆ 12221121 +−−=  (1.23) 
We define an average shear stress as 
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2. Deformation and Strain 
We consider the relative displacements between the points P and Q of the continuum: 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 5 
 
Taylor expansion gives: 
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The matrix relating the displacement increment to the vector (dx1, dx2) is called the 
displacement gradient.  The displacement gradient is decomposed into the strain tensor 
21122211 εε,ε,ε = and a pure, infinitesimal rotation .ωω0,ωω 21122211 −===  
We have 
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The sum of ε and ω gives the displacement gradient.  Principal strains and the corresponding 
principal strain axes are calculated in exactly the same way as the principal stresses, 
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analytically or using Mohr circles.  The Mohr circle method applies to all symmetric second 
order tensors. 
The invariants of the strain tensor read 
   2211 εεV
dV +=  (2.4) 
and 
   ( ) .4εεεγ 21222211 +−=  (2.5) 
The corresponding invariants for 3D deformations are obtained as 
   332211 εεεV
dV ++=  (2.6) 
   ( ) ( ) ,εεε4εεε2γ 213223212233222211 +++′+′+′=  (2.7) 
where 
   
V
dVεε 1111 −=′  (2.8) 
   
V
dVεε 2222 −=′  (2.9) 
   
V
dVεε 3333 −=′  (2.10) 
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3. Stress-Strain Relations:  Linear Elasticity 
 
So far, we have introduced the stress tensor and we have considered kinematic relations, i.e. 
relations between displacements and strains.  In the next section we will introduce the 
equilibrium equations.  To complete the field equations we still need stress-strain relations, 
or constitutive equations, which set a relation between the stress tensor and the strain tensor.  
In the present context we will merely introduce the simplest constitutive model, namely 
isotropic, linear elasticity (Hooke’s law). 
When we strain a bar uniaxially we observe an elongation of the specimen and also a 
contraction in the transverse directions.  Assuming that the axis of the specimen coincides 
with the x-axis the axial stress 11σ can be related to the axial strain /Eσε 1111 = with E 
Young’s modulus.  The strains in the transverse directions are given by 
/Eνσεand/Eνσε 11331122 −=−= .  The symbol ν represents the relation between the 
elongation and the lateral contraction.  It is called Poisson’s ratio and its value is normally 
between from 0 to 0.5.  Along this line of reasoning the strains which follow from a stress 
field 332211 σ,σ,σ  are formulated as 
   [ ] ,νσνσσ
E
1ε 33221111 −−=  (3.1) 
   [ ] ,νσνσσ
E
1ε 11332222 −−=  (3.2) 
   [ ] .νσνσσ
E
1ε 22113333 −−=  (3.3) 
The shear stresses are related to the shear strains by 
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ν12γ =+=  (3.5) 
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ν12γ =+=  (3.6) 
The relation between σ12 and γ12 follows from consideration of the deformations of an 
elementary rectangle under 45 degrees with the x, y-coordinate system.  It is noted that this 
relation is also often denoted by the so called shear modulus ( )ν1E/G 21 += .  In matrix-
vector notation the relation between stresses and strains can be expressed as, 
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or symbolically as 
   .Cσε =  (3.8) 
In eq. (3.8) C represents the compliance matrix. 
Eq. (3.8) gives the strain tensor ε as a function of the stress tensor σ.  To obtain the inverse 
relation we rewrite the first three equations of (3.7) as 
   ,p
E
ν3σ
E
ν1ε 1111 −+=  
   ,p
E
ν3σ
E
ν1ε 2222 −+=  
   .p
E
ν3σ
E
ν1ε 3333 −+=  
Next, we add the first three equations of eq. (3.7) and obtain 
   ,pKε 10
−=  (3.9) 
where the bulk modulus K has been introduced: 
   ( ) .2ν13
EK −=  (3.10) 
Apparently, K sets the relation between the volumetric strain and the hydrostatic pressure.  
Eq. (3.9) can be used to further modify the stress-strain relation as 
   ,ε
2ν1
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E
ν1ε 01111 −−
+=  
   ,ε
2ν1
νσ
E
ν1ε 02222 −−
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   ,ε
2ν1
νσ
E
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which can be inverted easily 
   ,λεε2µσ 01111 +=  
   ,λεε2µσ 02222 +=  
   ,λεε2µσ 03333 +=  
where the two constants of Lamé have been introduced: 
   ( )( )2ν1ν1
νEλ −+=  (3.11) 
   ( )ν12
Eµ +=  (3.12) 
We observe that µ, the second constant of Lamé, is equal to the shear modulus G.  The 
inversion of the shear terms is quite simple, leading to 
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   ,µγσ 1212 =  
   ,µγσ 2323 =  
   .µγσ 3131 =  
With definition (2.17) for the volumetric strain the stiffness relation can be written fully as 
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or in terms of Young’s modulus and Poisson’s ratio 
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Symbolically the above stiffness relation can be written as 
   εσ D=  (3.15) 
The matrix D represents the rigidity or stiffness matrix.  It can be used for the calculation of 
stresses when the strains are known. 
The stress-strain relation for axisymmetric conditions can most easily be obtained by 
deleting the appropriate rows and columns from the stiffness relation.  This results in 
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For plane-strain conditions we have 0ε33 = .  Hence, the stress-strain relation for plane 
strain is obtained when deleting another row in the stiffness relation.  The result is 
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For plane-stress conditions we have 0σzz = .  It is now more evident to start from the 
compliance relation to derive the stress-strain relation for this reduced stress configuration: 
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which can be inverted to give 
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4. Mechanical Equilibrium 
We consider the mechanical equilibrium of an infinitesimal volume element (dx1,dx2): 
 
Figure 6 
 From ∑ ∑ == 0Fand0F 21 xx  we obtain 
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If the volume forces are due to gravity forces only and the direction of the gravity is opposite 
x2, then f2=0 and ρf1=-ρg where g is the gravitational constant and ρ is the density of the 
material. 
The generalisation to 3D is straight forward.  We have 
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where it was assumed that gravity acts opposite the x3 direction. 
In many mining applications it is useful to represent stress, strain and equilibrium in 
cylindrical coordinates. 
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Figure 7 
We use the notations: 
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The strain tensor in cylindrical coordinates reads: 
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Equilibrium conditions: 
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Note that we are assuming that the deformation of the solid is infinitesimal.  Most boundary 
value problems of engineering are prohibitively complicated and cannot be solved 
analytically.  In such cases one has to resort to an appropriate numerical method.  The most 
widely used scheme in engineering is the Finite Element Method.  The starting point for the 
governing equations is the virtual work principle: 
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( )
( ) ( ) ( )∫ ∫ ∫
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v A A
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dVδγσδγσδγσδεσδεσδεσ
(4.11) 
where (δu1, δu2, δu3) are kinematically admissible but otherwise arbitrary 
incremental displacements.  The virtual displacements vanish on the parts of the 
external surface where displacements are prescribed.  The last term in (4.11) 
corresponds to the virtual work on internal discontinuity surfaces.  The virtual work 
principle and the static version of the equilibrium conditions (4.3-4.5) are equivalent 
if the stresses in (4.11) are chosen such that (4.11) holds for arbitrary fields (δu1, δu2, 
δu3). 
 
Exercises: 
 
1. Evaluate the principal stresses and corresponding axes for the stress state 
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2. Show that the displacement field 
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represents a rigid rotation.  Calculate the displacement gradient and 
.ωω 2112 −=  
 
3. The inner pressure of a deep pressure shaft is -pi.  The horizontal insitu 
stress is –pa.  Calculate the tangential stress in the shaft wall. 
 
4. Generalise the yield criterion 
 
0ρT ≤−− cNtg  
 
for a cohesive joint to rocks containing randomly oriented frictional 
cracks, using the relations (1.23), (1.24). 
 
5. Above the crown of a circular tunnel the state of stress and strain and 
strain is approximately axisymmetric.  The equilibrium condition reads 
 
ρg
r
σσ
r
σ rrrr =−+∂
∂ ϕϕ  
 
and the only nonvanishing components of the strain tensor are 
 
.
r
uε,
r
uε rrrr =∂
∂= ϕϕ  
 
Calculate the displacement of the crown.  Use the notations R for the 
tunnel radius and H for the overburden. 
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5. The Mohr Coulomb Yield Criterion 
The range of admissible stress in the six dimensional stress space is limited by a convex 
surface, the so called yield function or yield criterion.  The general form of the yield 
criterion reads: 
   ( ) 0σ,σ,σ,σ,σ,σf 131312332211 ≤  (5.1) 
For isotropic materials the yield criterion depends on the principal stresses only, ie 
   ( ) .0σ,σ,σf 321 ≤  (5.2) 
The key assumption of the Mohr-Coulomb criterion is that f depends on the smallest 
and the largest principal stress only and not on the intermediate principal stress.  If 
we assume that σ3 is the intermediate principal stress, we have 
   ( ) 0σ,σf 21 ≤  (5.3) 
In the following we shall always assume that σ1≥σ2.  For plane deformation and 
underplan the conditions of a triaxial test there is a unique relationship between 
(σ1, σ2) and (τ, σ) the variables of Mohr’s plane.  Instead of (5.3) we can write 
   ( ) .0στ,f ≤  (5.4) 
If one plots the Mohr circles corresponding to the limiting states of a rock like 
material in triaxial compression, the result usually looks as represented qualitatively 
in Figure 8. 
Figure 8: Yield envelope for pressure sensitive materials 
 
In Figure 8, σc designates the uniaxial compressive strength and σT is the uniaxial 
tensile strength.  The general form of the Mohr envelope reads 
   ( ) 0σgτ ≤−  (5.5) 
In the compressive range the Mohr envelope is usually approximated by a straight 
line. 
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Figure 9: Simplified yield criterion; 
c is the cohesive strength of cohesion of the material 
 
   ,/2σσσfor0ctanστf T21 ≤+≤++= φ  (5.6) 
or, expressed in Cartesian stress components 
   ( ) 0cos2cσσsinσ
2
σσ
22112
12
12
2
2212 ≤++++⎟⎠
⎞⎜⎝
⎛ + φφ  (5.7) 
The surfaces on which 
   ( )ctanστ +−= φ  (5.8) 
are inclined at 
   ⎟⎠
⎞⎜⎝
⎛ −±=Ψ
24
π φ  (5.9) 
to the maximum principal stress axes (compare Figures 9,10) 
The line field which is oriented under ( )2/4/π φ−±  to the σ1 direction are the so 
called stress characteristics.  They are usually in close agreement with the orientation 
of failure surfaces observed in situ or in triaxial tests. 
The formulation of more realistic and yet tractable yield criteria is not much more 
difficult.  For instance the curvature of the yield loci can be considered by writing 
(5.4) in the form 
   ( ) .1n,0σσAτ nT ≤≤−−  (5.10) 
where 
   .
σ
σσand
σ
σσ,
σ
ττ
c
T
T
cc
===  
the relation (5.10) is the so called Hoek-Brown criterion.  The main value of (5.10) is 
that its parameters have been evaluated for many different rock types and qualities.  
A very useful table can be found in “Rock Mechanics for Underground Mining” by 
Brady & Brown (1985, p128).  For n=1, the Hoek-Brown criterion reduces the 
standard Mohr-Coulomb criterion. 
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Figure 10: Orientation of stress characteristics  
 
Finally it should be mentioned the (5.10) can be expressed in terms of Cartesian 
tensor components by inserting the relations: 
   ,cosσ
2
σστ 212
2
2211 φ+⎟⎠
⎞⎜⎝
⎛ −=  (5.11) 
   ( ) ,sinσ
2
σσσσσ 212
2
2211
22112
1 φ+⎟⎠
⎞⎜⎝
⎛ −++=  (5.12) 
   .
dσ
dτtan 1 ⎟⎠
⎞⎜⎝
⎛= −φ  (5.13) 
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6. Flow Rule and Dilatancy: An Elementary Discussion 
We consider a rigid block sliding on a frictional surface (Figure 11) 
 
Figure 11: Rigid block on a frictional surface 
 
Since the surface is microscopically rough, any horizontal sliding will be 
accompanied by either an uplift (dilatancy) of a downward movement 
(contractancy).  The sliding and uplift velocities are designated by v1 and v2 
respectively.  The shear and normal T and N (compare Figure 11) satisfy the friction 
criterion 
   0tanT =− φN  (6.1) 
and v1, v2 are related by the so called dilatancy relationship. 
   νtanvv 12 =  (6.2) 
The deformation is dilatant if ν>0, “volume preserving” if ν=0 and contractant if 
ν<0.  The rate of dissipated energy of the sliding process is obtained as 
   ( ) 121 vνtantanvTvW NN −=−= φ&  (6.3) 
Since, for thermodynamic reasons, 0W ≥& it follows that for cohesionless interfaces 
(and solids) it must be the case that ν≥φ .  The so called normality rule applies if 
ν=φ (compare Figure 12). 
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Figure 12: Statistics and kinematics of frictional sliding. 
Note: that F is orthogonal to ν if ν=φ 
 
If  φ=ν  the resultant F (compare Figure 12) is orthogonal to v and consequently 
0W =& . 
If the interface is cohesive then (6.3) is replaced by 
    
   ( ) .vνtantancvW 11 N−+= φ&  (6.4) 
The simple slider model can be interpreted as a cartoon for the yield point behaviour 
of rocks:  After yielding, the rate of deformation is mainly carried by relative sliding 
on newly formed joints or shear bands.  The equivalent of the uplift v2 is the inelastic 
volume increase due to microcrack nucleation.  It should be mentioned that the so 
called normality rule ( )φ=ν applies reasonably well to rock like materials.  The 
normality rule does not apply however to purely frictional solids. 
 
Examples 
1. Determine the load carrying capacity of the pillar sketched in Figure 13. 
Figure 13: Determine Fmax; given: H, c, σt, φ 
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2. Determine the maximum unsupported span of the rectangular cavity (Figure 
14). 
 
 
 
 
 
 
 
 
 
 
Figure 14: Unsupported span of a deep cavity; given γ, φ, c, σT, γ 
 
 
3. Relate F to σT assuming D<<H (Figure 15) 
 
 
 
 
 
 
 
 
 
 
 
Figure 15: Brasilean Test 
 
4. Determine the Function F= ( ) ∆tv∆u,∆uF 2= assuming elastic-softening 
behaviour (Figure 16). 
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Figure 16: Elastic-softening pillar 
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Title of the famous book of Galileo (1638) which 
founded mechanics of materials 
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